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Abstract
We describe and summarize a class of minimal numerical models emerged from recent devel-
opment of simulation methods for dense particle suspensions in overdamped linear flows. The
main ingredients include (i) a frame-invariant, short-range lubrication model for spherical par-
ticles, and (ii) a soft-core, stick/slide frictional contact model activated when particles overlap.
We implement a version of the model using a modified velocity-Verlet algorithm that explicitly
solves the N -body dynamical system in O(cN) operations, where c is a kernel constant depend-
ing on the cutoff of particle interactions. The implementation is validated against literature
results on jamming transition and shear thickening suspensions from 40% to 64% volume frac-
tions. Potential strategies to extend the present methodology to non-spherical particles are also
suggested for very concentrated suspensions.
1 Introduction
The behaviour of systems involving the motion of small particles in a suspending fluid covers a
wide range of phenomena of interest to both scientists and engineers. Dense suspensions, where
the volume fraction of solid particles becomes comparable to or even higher than that of the fluid
(see Figure 1), have particularly rich and sometimes unexpected rheologies, such as yielding, shear
thinning, continuous shear thickening (CST) or discontinuous shear thickening (DST) (Mewis &
Wagner, 2012; Denn & Morris, 2014; Guazzelli & Pouliquen, 2018; Morris, 2020). Apart from being
theoretically intriguing, these complex behaviours often have major practical implications. For
instance, while it makes sense for the cement industry to manufacture suspensions that do not shear
thicken, the same feature becomes an advantage for designing flexible body armor.
Despite the practical importance, theoretical development of suspension rheology remains chal-
lenging and only a few analytical solutions have been found in the dilute regime, see e.g. Einstein
(1906); Batchelor & Green (1972). This is partially due to the lack of a precise knowledge or control
of the various interactions at the particle level and partially due to the mathematical difficulties
involved in many-body problems. On the other hand, solving a system of interacting particles ap-
pears relatively straightforward in an algorithmic perspective. In fact, the last few decades have
seen tremendous advancement in both numerical simulations and computer hardware. In the con-
text of rheology and soft condensed matter, some of the numerical models that have been developed
include molecular dynamics (Alder & Wainwright, 1959; Verlet, 1967), dissipative particle dynamics
(Hoogerbrugge & Koelman, 1992; Groot & Warren, 1997), Stokesian dynamics (Brady & Bossis,
1988) and hybrid lubrication/granular dynamics (HLGD)1 (Mari et al., 2014; Cheal & Ness, 2018),
∗Corresponding author. Email: zhoge@mech.kth.se. Last modified: May 27, 2020.
1We dub it this way not because we invented the model but because there is no unique identifier in the literature.
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Figure 1: Visualizations of dense particle suspensions. (left) A bidisperse suspension of 2000 spheres
at 55% volume fraction. (right) A random organization of 500 superballs at 50% volume fraction.
to name a few. The objective of the present note is thus to provide a brief summary of the lat-
est development; specifically, we focus on HLGD that recently emerged as an effective method to
minimally model dense particle suspensions in low-Reynolds-number flow. It is our hope that the
numerical details presented in the following will help beginners to this field gain a clear idea in how
to implement the seemingly complex algorithm, which are usually scattered in the supplementary
information of papers focusing on rheology or physics.
The paper is organized as follows. In Sec. 2, we summarize the mathematical formulation,
relevant physical parameters and their rheological characterisation. A brief note on the numerical
integration of the equations of motion is also provided. In Sec. 3, we validate the implementation
against two benchmark cases in the literature, i.e. jamming transition and shear thickening. Finally,
we end with a short discussion on potential extensions of the present methodology to non-spherical
particles.
2 The HLGD model
In this section, we briefly summarize the mathematical formulation and essential physical parameters
of the hybrid lubrication/granular dynamics. Detailed descriptions can be found in Seto et al. (2013);
Mari et al. (2014); Cheal & Ness (2018) and references therein.
2.1 Mathematical formulation
The translational and rotational dynamics of a rigid particle is governed by the Newton-Euler equa-
tions, ∑
M
FMi = mi
dui
dt
, (1a)
∑
M
TMi = Ii
dωi
dt
+ ωi × (Iiωi), (1b)
where Fi and Ti denote the force and torque exerted on the center-of-mass of particle i; mi and Ii
are its mass and moment-of-inertia tensor in the body frame (scalar for spheres); ui and ωi denote
its translational and angular velocities, respectively. The force and torque are summed over various
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modes of particle-fluid and particle-particle interactions that include the following single-body or
pairwise hydrodynamic, contact, and physico-chemical contributions
∑
M
FMi = F
S
i +
NL∑
j
FLi,j +
NC∑
j
FCi,j +
NR∑
j
FRi,j +
NA∑
j
FAi,j , (2a)
∑
M
TMi = T
S
i +
NL∑
j
TLi,j +
NC∑
j
TCi,j +
NR∑
j
TRi,j +
NA∑
j
TAi,j . (2b)
Their specific functional forms, for the case of spheres, are listed below.
1. Stokes’ drag (acting on each particle i)
F Si = −6piµai(ui −U∞i ), (3a)
T Si = −8piµa3i (ωi −Ω∞i ), (3b)
where µ is the dynamic viscosity of the underlying fluid, ai the particle radius, U
∞
i and Ω
∞
i
the undisturbed translational and angular velocities of the fluid at the particle position. A
linear flow satisfies the relation, U∞ = Ω∞×x+E∞ ·x, where x denotes the position vector,
and E∞ is the rate-of-strain tensor (Batchelor, 1967).
2. Lubrication (acting on each lubricating pair i, j)
FLi,j = −(XAiiPn + Y Aii Pt)(ui − uj)
+Y Bii (ωi × nij) + Y Bji (ωj × nij),
(4a)
FLj,i = −FLi,j , (4b)
TLi,j = −Y Bii (ui − uj)× nij − Pt(Y Cii ωi + Y Cij ωj), (4c)
TLj,i = −Y Bji (ui − uj)× nij − Pt(Y Cji ωi + Y Cjjωj), (4d)
where nij denotes the unit normal vector pointing from particle i to particle j, Pn = nijnij
and Pt = 1−nijnij represent the normal and tangential projection matrices and the X’s and
Y ’s are scalar resistances depending on µ, ai, aj , and the gap between the two particles; see
Appendix A for the detailed expressions and Appendix B for their numerical treatment.
3. Contact force (acting on each overlapping pair i, j)
FCi,j = −knhij − γnPn(ui − uj)− ktξij , (5a)
FCj,i = −FCi,j , with |ktξij | ≤ µc|knhij + γnPn(ui − uj)|, (5b)
TCi,j = aikt(nij × ξij), (5c)
TCj,i = ajkt(nij × ξij). (5d)
where hij = hijnij denotes the signed normal surface gap between particles i and j (positive
when overlapping), ξij the signed tangential stretch (see Appendix C for definition), kn the
normal spring constant, γn the damping constant, kt the tangential spring constant, and µc
the friction coefficient. The condition in Eq. (5b) states the Coulomb’s law of friction.
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4. Electrostatic repulsion (acting on each repulsing pair i, j)
FRi,j = −Fera¯/a1 exp(−κhij)nij , (6a)
FRj,i = −FRi,j . (6b)
where Fer is the force scale for the electrostatic repulsion, a¯ = 2aiaj/(ai + aj) the harmonic
mean radius of two interacting particles i and j, and κ the inverse Debye length.
5. Van der Waals attraction (acting on each attracting pair i, j)
FAi,j =
Aa¯nij
12(h2ij + 
2)
, (7a)
FAj,i = −FAi,j . (7b)
where A is the Hamaker constant and  = 0.1a¯ a regularization term (Singh et al., 2019).
Note that the hydrodynamic force and torque given above are strictly valid for spheres. The
validity of these expressions for non-spherical particles depends on (i) the dominance of the non-
hydrodynamic interactions over the hydrodynamic ones and (ii) the departure of the particle shape
from a sphere. In addition, the torque due to non-hydrodynamic forces has the general form of
T = r×F , where r is the lever arm vector. Therefore, extra care must be taken when applying the
above formulation directly to non-spherical particles.
2.2 Model parameters
The preceding equations are formulated in dimensional form with a unit system flexibly chosen for
the convenience of simulations (e.g. a1 = 1 [Length], γ˙ = 10
−2 [1/Time], etc). For the model output
to correspond physically to a dense suspension of inertialess, rigid particles, the following asymptotic
conditions must be satisfied as close as possible.
1. A vanishing Stokes number, St = ργ˙a21/µ 1.
The Stokes number controls the effect of particle inertia on the particle dynamics in viscous
flows. This can be readily seen by inserting F ∼ µaU in the force balance F ≈ ρa3(δU/δτ),
and comparing δτ with 1/γ˙ at δU ∼ U . Empirically, we find St ∼ O(10−2) is often sufficient
for the particle inertia to be negligible.
2. A vanishing stiffness-scaled shear rate, ˆ˙γ = γ˙a1/
√
kn/(ρa1) 1.
ˆ˙γ describes the particle “hardness”. It follows from the scaling analysis that two particles
of same radius a, at overlap distance δ, have a contact area A ≈ piaδ. Given the collision
force F ≈ knδ, the characteristic velocity is then U ∼
√
P/ρ ∼ √kn/(ρpia). This provides a
collision time scale τ ∼ a/√kn/(ρpia) that can be compared with 1/γ˙. Empirically, we find
ˆ˙γ ∼ O(10−4) is sufficient for the particles to be considered as hardspheres.
3. A vanishing non-dimensional relaxation time, τˆ = γnγ˙/kt or µa1γ˙/kt  1.
τˆ describes the non-dimensional relaxation time associated with a contact. Both normal and
tangential contacts have relaxation times; here, we require the latter to be much less than 1,
since kt < kn typically. The second definition for τˆ above uses the normal lubrication force as
the dashpot in case γn = 0, cf. Eqs. (4a, A.1a, A.2a).
Apart from the above conditions, the behaviour of the simulated suspension is determined by the
volume fraction φ and any force-rescaled shear rate ˆ˙γr = 6piµa
2
1/F if an additional non-hydrodynamic
force scale exists in the system, e.g. friction or electrostatic repulsion. Physically, ˆ˙γr is usually
introduced to invoke a rate-dependent rheology.
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2.3 Stress tensor and bulk rheology
The bulk stress tensor is calculated as
Σ = 2µE∞ +
1
V
( N∑
i
SSi +
Nl∑
i,j
SLij +
Nc∑
i,j
SCij +
Nr∑
i,j
SRij +
Na∑
i,j
SAij
)
, (8)
where V = LxLyLz is the volume of the simulation box, and S’s denote the stresslets due to various
interactions. In the conventional coordinate system where x, y, z denote the streamwise, velocity-
gradient, and vorticity directions, respectively, the individual terms in Eq. (8) corresponding to a
simple shear flow are given by
E∞ =
 0 γ˙/2 0γ˙/2 0 0
0 0 0
 , (9a)
SSi = (20piµa
3
i /3)E
∞, (9b)
SLmn = (F
L
mrn + F
L
n rm)/2, (9c)
SCmn = F
C
mrn, (9d)
where r is the separation vector pointing from particle i to particle j, and Eq. (9d) applies to
other interparticle forces as well. Note that, the calculation of the lubrication stresslet, Eq. (9c),
involves a simplification: the O(δ) and isotropic terms are neglected; see Radhakrishnan (2018) for
the derivation. Note also that, the subscript in Eq. (9b) refers to particle i, while the subscripts in
Eqs. (9c–9d) denotes the tensor notation.
Once the stress tensor is obtained, the shear stress σ, normal stress differences N1 and N2, and
particle pressure Π can be readily calculated from the following definitions,
σ = Σ12, (10a)
N1 = Σ11 − Σ22, N2 = Σ22 − Σ33, (10b)
Π = −Tr(Σ)/3. (10c)
The relative viscosity and non-dimensional particle pressure are defined as ηr = σ/(µγ˙) and ηn =
Π/(µγ˙), respectively.
2.4 Numerical integration
The governing equations presented in Sec. 2.1 can be integrated in time explicitly using the modified
velocity-Verlet algorithm (Groot & Warren, 1997),
x
(n+1)
i = x
(n)
i + ∆tv
(n)
i +
∆t2
2
α
(n)
i , (11a)
v
(n+1/2)
i = v
(n)
i +
∆t
2
α
(n)
i , (11b)
α
(n+1)
i = F
{
x
(n+1)
i ,v
(n+1/2)
i
}
, (11c)
v
(n+1)
i = v
(n)
i +
∆t
2
(
α
(n)
i +α
(n+1)
i
)
, (11d)
where x
(n)
i = (x, y, z)
(n)
i , v
(n)
i = (u, v, w)
(n)
i , and α
(n)
i denote the position, velocity, and acceleration
vectors of particle i, respectively, at time t = n∆t, and F denotes the force functional as in Eq.
5
(2a). For spherical particles, the same update procedure applies to particle orientations, angular
velocities, and angular accelerations (see Sec. 4 for non-spherical particles).
To comply with simple shear flows at fixed volume, the Lees-Edwards boundary condition is
imposed on particle positions and their u velocity components to remove the wall effects and reduce
the size of the computational box (Lees & Edwards, 1972). Physically, it results in a homogeneous
suspension with a net momentum flux in the y direction if the system is far from equilibrium, and
it reads
x =

(x+ Lx − xsh) mod Lx if y > Ly,
(x+ Lx + xsh) mod Lx if y < 0,
(x+ Lx) mod Lx otherwise,
(12a)
y = (y + Ly) mod Ly, (12b)
z = (z + Lz) mod Lz, (12c)
u =
{
u− ush if y > Ly,
u+ ush if y < 0,
(12d)
where
xsh = γ˙Lyt mod Lx, ush = γ˙Ly, (13)
define the position and velocity shifts at time t.
The above explicit integration scheme is second-order accurate in time and requires the time
step ∆t to be smaller than the smallest physical time scale of the process, cf. Sec. 2.2. Empirical
experience suggests ∆tγ˙ ≈ 10−6. Alternatively, the equations of motion can be solved by matrix
inversion upon setting the left-hand-side of Eq. (1) to zero, thus obtaining particle velocities in the
quasi-static limit (Mari et al., 2014). The latter approach is equivalent to the one adopted here
provided St  1, see e.g. Ness et al. (2018).
Finally, we note that the force calculation, Eq. (11c), is usually the most time-consuming step
in a Verlet integration. One straightforward technique to speed up the computation is to construct
a near-neighbour list (NNL) for each particle and only calculate the force between particle pairs
therein. This way, the operation count for a complete update reduces from being quadratic to being
linear with the number of particles.2 Practically, the algorithm requires O(cN) operations, where c
is a kernel constant mainly depending on the cutoff distance of particle interactions.3
3 Validations
In this section, we validate our numerical implementation of the HLGD model with two benchmark
rheologies, i.e. jamming transition and shear thickening.
3.1 Jamming transition
We simulate 200 initially randomly distributed spherical particles in a cubic box. A monodisperse
suspension is consider for the lowest volume fraction φ = 40%, while bidisperse suspensions with
radius ratio a2/a1 = 1.4 in equal volumes are used for higher volume fractions to prevent ordering.
The random seeds are generated by the protocol of Mari and Seto.4 The particles interact via
Stokes drag, lubrication, and collision forces without any friction or physico-chemical interactions.
The parameters used for this case are summarized in Table 1.5
2The overhead due to the construction of a NNL normally does not exceed the cost reduction for dense suspensions.
3The lubrication cutoff is usually chosen as 0.05min(a1, a2) for dense suspensions, see Cheal & Ness (2018).
4See https://github.com/rmari/LF_DEM for details.
5Numerical convergence is checked by halving γ˙ or doubling kn, where roughly the same results are obtained.
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Table 1: Summary of parameters.
N St ˆ˙γ τˆ µc tγ˙
200 10−2 ∼ 10−3 7× 10−6 ∼ 10−4 5× 10−8 ∼ 10−6 0 10
0.40 0.45 0.50 0.55 0.60 0.65
φ
101
102
103
η r
Total stress
Hydrodynamic stress
Mari et al. (2014)
Eilers (φJ = 0.645)
Figure 2: Relative viscosity versus volume fraction for suspensions of frictionless spheres.
Figure 2 shows the relative viscosity for six volume fractions ranging from 40% to 64%. The data
pertain temporal averages and standard deviations calculated in the standard way over a strain of
10. Clearly, a jamming transition indicated by a diverging ηr as φ increases is observed in favorable
comparison with both previous numerical simulations and an empirical correlation. Specifically, the
power-law fitting of Mari et al. (2014) satisfies ηr = 1.4(1 − φ/φJ)−1.6, with the jamming volume
fraction φJ = 0.66; while the Eilers’ correlation has the form ηr = [1 + (5φ/4)/(1− φ/φJ)]2, where
we take φJ = 0.645. Our data fall well within the two limits, suggesting a jamming volume fraction
at approximately 65% for frictionless spheres. Note that, the exact value of φJ is sensitive to the
particle overlap (numerically) or surface roughness (experimentally), as the contact stress dominates
over the hydrodynamic one at high volume fractions. For spheres, the latter becomes less than 10%
of the total stress for φ ' 0.6, see Figure 2.
We also examine the non-dimensional particle pressure of the same suspension and compare
our results with the theoretical model of Boyer et al. (2011). As illustrated in Figure 3, an even
steeper divergence of ηn with φ is observed, suggestive of a strong tendency for the system to dilate.
The constitutive law derived by Boyer et al. (2011), supported by their own experiment, is given
as ηn = [φ/(φJ − φ)]2. Taking φJ = 0.645, an overall excellent agreement is observed except for
the lowest volume fraction φ = 40%, where our data slightly over-predicts the particle pressure.
In general, the comparisons above verify our implementation of the HLGD model in the case of
jamming transition of frictionless spheres.
3.2 Shear thickening
As contact becomes more important at higher particle concentrations, we simulate three frictional
suspensions displaying continuous and discontinuous shear thickening rheologies. Specifically, we
implement the critical-load friction model introduced in Mari et al. (2014) that activates the friction
7
0.40 0.45 0.50 0.55 0.60 0.65
φ
100
101
102
103
104
105
η n
Simulation
Boyer et al. (2011) (φJ = 0.645)
Figure 3: Particle pressure (normalized) versus volume fraction for suspensions of frictionless spheres.
10−3 10−2 10−1 100 101
ˆ˙γF
101
102
103
η r
φ = 0.45
φ = 0.55
φ = 0.58
Figure 4: Continuous and discontinuous thickening of suspensions of frictional spheres. N = 500,
µc = 0.5.
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force only when the normal collision force exceeds a critical value. Figure 4 reproduces the results of
Mari et al. (2014). Here, the relative viscosity is plotted against a non-dimensional shear rate defined
by the ratio of the Stokes drag and the threshold friction, cf. Sec. 2.2. At 45% volume fraction, the
suspension viscosity increases gradually with the shear due to increased particle contact. The slope
steepens for φ = 0.55; while at φ = 0.58, we observe an abrupt increase of the mean relative viscosity,
accompanied by large fluctuations, indicating a switch from CST to DST. Accurate prediction of the
onset of DST remains a theoretical challenge (Morris, 2020). Our results demonstrate the present
implementation of the HLGD model can be used to probe such rheologies in details.
4 Extension to non-spherical particles
Finally, we turn our attention to suspensions of non-spherical particles. While spheres represent
the simplest geometry convenient for theoretical and numerical studies, suspensions in reality are
almost certainly composed of non-spherical particles. For very dilute suspensions, this may not
be an important issue as the macroscopic behaviours are usually not very sensitive to the exact
particle shape. However, for dense suspension, a completely different rheology or phase transition
may be expected as the lubrication intensifies and particle contact increases, see e.g. Damasceno
et al. (2012); Royer et al. (2015); Trulsson (2018). To simulate suspensions in the latter case, various
levels of simplifications may be made depending on the specific particle shape and volume fraction.
Here, we present a minimal model that captures the essential effects, mostly suitable for spherical
aggregates or polyhedra at high concentrations, extended from the HLGD model.
Assuming collisions and frictions are the most significant factor to the suspension rheology, we
can approximate the hydrodynamic interactions using the same functional forms as presented in
Sec. 2.1. That is, each particle experiences a Stokes drag based on some hydraulic radius, aˆ, and
each neighbouring pair interacts via the lubrication force as if they were spheres. The exact value
of aˆ depends on the shape of the particle, e.g. aˆ = L/2 for a cube of length L; in general, this
is an approximation that shall not greatly affect the bulk behaviour. In a similar spirit, the radii
used in the lubrication calculation can be taken as aˆ or the inverse of the local curvature. We note
that more rigorous treatments of the hydrodynamic interactions have been proposed, though it is
rather complicated to implement and is limited to spheroids, see e.g. Claeys & Brady (1993). Our
simplified approach is similar to the mean-field description developed for wet foams, which has also
been employed in studies of frictionless particles (Durian, 1997; Marschall et al., 2019).
For non-spherical particles, an additional complication arises due to the generally nontrivial rigid-
body dynamics, where particle orientations matter and the moment-of-inertia, Ii, is a tensor. This
motivates us to use a quaternion-based, predictor-corrector direct multiplication (PCDM) scheme,
as follows
x
(n+1)
i = x
(n)
i + ∆tv
(n+1/2)
i , (14a)
v′(n+1)i = v
(n+1/2)
i +
∆t
2
α
(n)
i , (14b)
ω
(n+3/4),b
i = ω
(n+1/2),b
i +
∆t
4
β
(n),b
i , (14c)
ω
(n+3/4)
i = q
(n+1/2)ω
(n+3/4),b
i
(
q(n+1/2)
)−1
, (14d)
q′(n+1) =
[
cos
( ||ω(n+3/4)i ||∆t
4
)
, sin
( ||ω(n+3/4)i ||∆t
4
)
ω
(n+3/4)
i
||ω(n+3/4)i ||
]
q(n+1/2), (14e)
ω′(n+1),bi = ω
(n+1/2),b
i +
∆t
2
β
(n),b
i , (14f)
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ω′(n+1)i = q
′(n+1)ω′(n+1),bi
(
q′(n+1)
)−1
, (14g)
α
(n+1)
i = F
{
x
(n+1)
i ,v
′(n+1)
i , q
′(n+1),ω′(n+1)i
}
, (14h)
T
(n+1)
i = T
{
x
(n+1)
i ,v
′(n+1)
i , q
′(n+1),ω′(n+1)i
}
, (14i)
T
(n+1),b
i =
(
q′(n+1)
)−1
T
(n+1)
i q
′(n+1), (14j)
β
(n+1),b
i =
(
Ibi
)−1(
T
(n+1),b
i − ω′(n+1),bi × Ibiω′(n+1),bi
)
, (14k)
ω
(n+3/2),b
i = ω
(n+1/2),b
i + ∆tβ
(n+1),b
i , (14l)
q(n+3/2) =
[
cos
( ||ω′(n+1)i ||∆t
2
)
, sin
( ||ω′(n+1)i ||∆t
2
)
ω′(n+1)i
||ω′(n+1)i ||
]
q(n+1/2), (14m)
ω
(n+3/2)
i = q
(n+3/2)ω
(n+3/2),b
i
(
q(n+3/2)
)−1
, (14n)
v
(n+3/2)
i = v
(n+1/2)
i + ∆tα
(n+1)
i , (14o)
where q = q0+q is the quaternion, β is the angular acceleration, and superscripts prime and b denote
prediction and body-frame values, respectively. Clearly, the integration scheme becomes much more
cumbersome when the particles are non-spherical.
For collision detection, we employ the classical GJK algorithm that efficiently computes the
Euclidean distance between a pair of convex sets (Gilbert et al., 1988). The resulting bulk rheology
can be calculated in the same way as in Sec. 2.3, i.e. summing the first moment of various force
fields. Validation of the present algorithm will be presented in upcoming publications.
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Appendix
A Lubrication resistances
The scalar resistances introduced in Eqs. (4a–4d) follow those in Kim & Karrila (2013); Cheal &
Ness (2018), and are given as
XAii = ai(Rxiia1/δ +Rxiia2 log(1/δ)), (A.1a)
Y Aii = aiRyiia log(1/δ), (A.1b)
Y Bii = a
2
iRyiib log(1/δ), (A.1c)
Y Bji = a
2
jRyjib log(1/δ), (A.1d)
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Y Cii = a
3
iRyiic log(1/δ), (A.1e)
Y Cij = Y
C
ji = a
3
iRyijc log(1/δ), (A.1f)
Y Cjj = a
3
jRyjjc log(1/δ), (A.1g)
where δ = 2hij/(ai + aj) is the non-dimensional surface gap between particles i and j, and the
coefficients R’s are functions of the size ratio λ = aj/ai and µ. Specifically, they are calculated as
Rxiia1 = (6piµ)
2λ2
(1 + λ)3
, Rxiia2 = (6piµ)
λ(1 + 7λ+ λ2)
5(1 + λ)3
, (A.2a)
Ryiia = (6piµ)
4λ(2 + λ+ 2λ2)
15(1 + λ)3
, (A.2b)
Ryiib = (−4piµ) λ(4 + λ)
5(1 + λ)2
, (A.2c)
Ryjib = (−4piµ)λ
−1(4 + λ−1)
5(1 + λ−1)2
, (A.2d)
Ryiic = (8piµ)
2λ
5(1 + λ)
, (A.2e)
Ryijc = (8piµ)
λ2
10(1 + λ)
. (A.2f)
Ryjjc = (8piµ)
2λ−1
5(1 + λ−1)
. (A.2g)
B Numerical treatment of the lubrication at small and large distances
We note that the lubrication force and torque are singular at contact, with X ∼ 1/δ and Y ∼
log(1/δ), see Appendix A. The singularity derives from assuming perfectly smooth particles in the
mathematical sense. In practice, particle contact is inevitable due to surface roughness; thus, we
allow small overlap to occur invoking both lubrication and contact forces. Numerically, the lubrica-
tion force is saturated below hinner = 0.001a1 and truncated above houter = (0.05 ∼ 0.2)a1, where
a1 denotes the smallest particle radius. The outer range is introduced to reduce the computational
cost and is adjusted by examining the radial distribution function at each volume fraction.6
C Tangential stretch for contacting particles
Following Appendix B, another consequence of the particle roughness is the initiation of frictional
contact. Here, we adopt the standard stick/slide model for the calculation of the friction force, as
given in Eqs. (5a–5b) (Cundall & Strack, 1979; Luding, 2008). Specifically, the tangential stretch
vector is calculated as
ξij(t) =
{∫ t
t0
−Pt[(ui − uj) + (aiωi + ajωj)× nij ]dt′, if |ξij | < |ξmax|,
ξmax, otherwise,
(C.1)
where ξmax is maximal tangential stretch allowed by the Coulomb’s law of friction (Eq. 5b), and t0
is the moment a frictional contact is established. We choose kt = (2/7)kn as given in Cheal & Ness
(2018).
6The lubrication formulation has been simplified comparing to Jeffrey & Onishi (1984); Jeffrey (1992) by neglecting
terms of O(1) or higher order. Therefore, the lubrication outer cutoff cannot be arbitrarily large. See Radhakrishnan
(2018) for the detailed algebra.
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